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Introduction 

The formation and growth of cavities in incompressible 
hyperelastic solids is relevant to the understanding of 
Tackiness in Pressure Sensitive Adhesives (PSA). The 
classical problem of cavitation has been studied in great 
detail under constant traction conditions [1-2]. The focus 
of this work differs from previous studies in three main 
aspects, namely, a) the role of surface tension, b) the effect 
of the compliance of the loading machine, and c) the effect 
of different material models (Neo-Hookean and Mooney- 
Rivlin material models in particular). 

We show that, for a Neo-Hookean material, the equilib- 
rium solution is determined by three dimensionless pa- 
rameters for the dead loading case and four parameters for 
the finite compliance case. Depending on the values of 
these parameters, multiple equilibrium solutions can exist. 
Specifically, there can be three equilibrium solutions for 
some sets of parameters. Two of these solutions are stable 
as they correspond to local energy minima. One of these 
stable solutions corresponds to cavity constriction (i.e., the 
cavity decreases in size) and the other to cavity expansion. 
Our model is compared with experimental results obtained 
in the context of probe tack tests of soft adhesives. We also 
consider the effects of material hardening and finite com- 
pliance. 

Problem Description 

We model the initial stage of a tack test where the adhesive 
layer is locally under nearly hydrostatic tension and cavi- 
ties start to appear in the elastomer. The system is ideal- 
ized to be composed of two parts, a spherical shell of ma- 
terial surrounding the cavity and the region external to this 
shell, which is modeled as linear springs connected to a 
rigid loading device. Initially, because of the low modulus 
of PSA's (typically in the 0.01-0.1MPa range), we con- 
sider the outer surface of the spherical shell to be under 
dead loading and the cavity under the action of surface 
tension forces. 

Formulation 

Consider a spherical cavity of undeformed radius A inside 
a spherical shell of radius B. The external surface is sub- 
jected to a dead load F, so that the traction P in the unde- 

formed configuration is F / 4 ~ r B  2 . Assuming spherically 
symmetric deformations, the hoop stretch ~ is 

2,=r(R)/R (1) 
where R, r denote the distance of a material point from the 
center in the reference and current configuration respec- 
tively. The incompressibility condition imposes: ( 3)1/3 r ( R ) =  R 3 - A  3 + a (2) 

where a is the deformed cavity radius. The normalized 

potential energy 1-I* is 

n* "v;-w; (3) = U  + x t ,  

where 
BIA 

U* =(4x/E) w(R',a,a)R dR', (4) 
1 

is the normalized strain energy, 
, 

U r = 4 not' AA 2 (5) 

is the normalized energy due to surface tension y and 

[(1+ 
is the normalized external work due to the dead load. All 
energies are normalized by E A  3, where E is the infinitesi- 
mal Young's modulus of the elastomer. The dimen- 

p* sionless parameters f, o~, and d, a are defined by 

oc= ), ' /EA, f = A~ B , P *  = P~ E , 2  A - a / A .  (7) 

The strain energy densities w for the Neo-Hookean and 
Mooney-Rivlin materials are 

w =E(A-4 +222 - 3 ) / 6  (8a) 

WMR-'Cl0 (JL "4 + 2~ 2 -3).-~ c01 (~4 "-I- 2~ -2 - 3 )  (8b) 

where Cl0 and c01 are material parameters. The equilibrium 
solution is obtained by enforcing the stationary condi- 
tion i.e. 

dl-[* ( /],a ) / d L [~,a=/], a. --" 0 (9) 

Dimensional considerations imply that the deformed cavity 
radius a must have the form: 
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a = A~p(oc, P*, f )  

where ~ is a dimensionless function. 

Numerical Results 
Surface tension becomes important when o~ > 1, i.e. when 

y > EA. For T=30mJ/m 2, E=0.05MPa, this condition is 
satisfied for cavities with A<0.6~tm. We present results 
for two cases, A=10~tm and A=0.5~tm. For both the cases, 
B=50~tm i.e. f = 0.2 and 0.01. 
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Figure 1. Plot of normalized Potential energy versus 
stretch at cavity surface for f = 0.2, (x=0.06. Dots represent 
equilibrium solutions. 

Figure 1 shows the potential energy plot for f = 0.2 for 
different applied loads. There is one equilibrium solution 
always, which corresponds to an energy minimum. Figures 
2 and 3 show the same plot for f = 0.01 and it can be seen 
that for certain values of the applied load, there can be 
three solutions. The equilibrium solutions at a given nomi- 
nal traction is summarized in Figure 4 for f = 0.2 and f = 
0.01 cases. Due to space constraints, the results are not 
discussed in detail here and can be found in [4]. 
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Figure 2. Plot of normalized Potential energy versus 
stretch at cavity surface for f = 0.01, (x=1.2 and at ~, < 1. 
Boxes and triangles represent global and local minima 
respectively. 
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Figure 3. Plot of normalized Potential energy versus 
stretch at cavity surface for f = 0.01, (x= 1.2 showing multi- 
ple solutions at L > 1. Boxes, triangles and stars represent 
global and local minima and local maxima respectively. 
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Figure 4. Deformed Cavity radius as a function of nominal 
stress for f = 0.2 (Dots represent global minima) and f = 
0.01 (Boxes: global minima, triangles: local minima, stars: 
local maxima). 

Experimental 

The typical evolution of cavity radius with time as found 
in a tack test is shown in Figure 5 [5]. Since the force ap- 
plied on the adhesive layer increases linearly with time, the 
time axis can be viewed as a load axis. One recognizes a 
continuous cavity growth for the optically visible large 
cavity marked (o). While there is no visible precursor for 
the cavity marked (x) at low loads, a cavity suddenly ap- 
pears at medium loads and grows much more rapidly than 
the cavity originating from a visible precursor. The qualita- 
tive agreement between theory (Figure 4) and experiment 
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(Figure 5) is evident except for very large loads where 
cavity interaction is thought to be important and our sim- 
plified model for the growth of a single cavity does not 
apply. 
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Figure 5. Evolution of deformed cavity radius with time, 
from an optically visible precursor (o) and without visible 
precursor (x). 

Effec t  o f  M a c h i n e  C o m p l i a n c e  

To study the effect of machine compliance, we assume that 
the outer shell surface is connected by linear springs of 
stiffness k to a rigid loading device, which imposes a radial 
displacement 8. For the Neo-Hookean material, the exact 
solution in non-dimensional form can be written as 

6 _ ( Z 8  1)B 8 7r~ B 2 E I_~A 1 1 1 37" 1 t 
A a 3 a k  j~a 4 A n A 4 EAA a 

(10) 
where ~L a is the stretch at the outer surface. It can be shown 
that (10) reduces to the dead load case when k --> O. When 
k -~ oo, the test is a displacement controlled one and the 
solution is always unique. We can easily identify four di- 
mensionless parameters from (10), namely 
-~= 6 A AE Y 

A, f ~ , f l  - - - ~ - , G = ~  (11) 
EA 

For a given set of parameters, the unknowns ~,A and ~,B can 
be determined using (10) and the incompressibility condi- 
tion. 
Case 1: f = 0.2, tx = 0.06 

For all ranges of the parameters 6 and [3, only one solu- 
tion was found. This is to be expected since we obtained a 
unique solution for the limiting cases of load and dis- 
placement controlled tests and the result for the finite 
compliance case should be between these two limiting 
cases. 
Case 2: f = 0.01, tx = 1.2 
The results are summarized in Table 1. For three different 

values of the parameter 13, two critical values of 6 were 

found. For 6 < 61, there exists only one solution corre- 

sponding to cavity constriction. For 61 < 6 < d2, we have 

three solutions and beyond 62, we again have only one 
solution, corresponding to cavity expansion. In general, as 

the spring stiffness increases, the range of the parameter d 
for which multiple solutions exists decreases. 

2.5x10 -1 2.78x104 8.24x104 
2.5x10 3 2.8x102 8.24x10 z 
2.5x10 4 28 82 

Table 1. Critical values of 6 for different values of the 

parameter [~. 

D i s c u s s i o n  a n d  C o n c l u s i o n  

The role of surface tension was first considered by Gent 
and Tompkins [3] under constant traction conditions and 
they observed just one stable solution. We considered the 
effect of surface tension under dead loading and observed 
multiple solutions for certain parameter sets. It is to be 
emphasized here that the multiple stable solutions ob- 
served here are primarily due to the finite specimen size. 
Indeed, our formulation was extended to account for finite 
compliance effects and similar results were observed i.e. 
multiple solutions were found for some parameter sets. 

The above analysis was also carried out for a Mooney- 
Rivlin material to study hardening effects. For values of 
c01/E close to zero, the results are qualitatively similar to 
that of the Neo-Hookean material. As the value of this 
parameter increases, material hardening becomes signifi- 
cant and cavities are formed at progressively higher loads 
and only one stable solution was obtained. 

Equilibrium solutions were also found by solving all the 
field equations and we obtained the same results as the 
energy approach outlined above. The role of viscoelasticity 
needs to be investigated and the above method based on 
solving the field equations is particularly well suited when 
we extend the above analysis to model viscoelastic effects. 
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